A new approach to detect absolute radio-frequency (rf) electric fields (E-fields) that uses Rydberg atoms at room temperature in vapor cells has been demonstrated recently. The large-transition dipole moments between energetically adjacent Rydberg states enable this technique to make traceable E-field measurements with high sensitivity over a large frequency range from 1 GHz to 1 THz. In this paper, we experimentally investigate how the vapor-cell geometry affects the accuracy of the measurements. We find that the effects of the vapor cell on the measured rf E-field are minimized by making the vapor-cell size small compared to the wavelength of the rf E-field.
I. INTRODUCTION
Precision measurements using atoms and molecules are exceptionally useful as standards of time and length. Measurement of magnetic and electric fields [1] [2] [3] [4] can also be improved with atom-based methods. Atom-based standards have the advantages of being linked to precision measurements of fundamental constants and atomic or molecular properties [5] .
Radio-frequency (rf) fields are the basis of modern communications [6] , remote sensing [7] , and many other applications [8] . In contrast to progress on measuring time, frequency, and magnetic fields, rf electric-field (E-field) measurement has changed little since the dipole antenna was developed [9] . The sensitivity of current rf E-field standards is approximately 1 mV cm −1 Hz −1=2 with an accuracy of 5%-20% depending on the frequency range. Recently, work on atom-based E-field measurements has surpassed these limits [10] [11] [12] [13] [14] [15] due to advances in coherent sub-Doppler spectroscopy of Rydberg atoms using electromagnetically induced transparency (EIT) [16] [17] [18] . The method uses EIT [19] to perform the rf E-field measurement using alkali atoms placed in a vapor cell at room temperature. The atoms are partially excited to Rydberg states to determine the amplitude of a rf E-field. Compared to previous atomic microwave-power standards [20] [21] [22] [23] , this method measures the rf E-field using Rydberg states rather than ground-state atoms. Using this approach, rf Efields can be measured with high sensitivity, approximately 30 μV cm −1 Hz −1=2 [10] over a large frequency range, 1 GHz-1 THz, due to the large transition dipole moments between Rydberg states, reaching values several thousand times larger than the D 2 transitions of alkali atoms [24] . Of course, the sensitivity is not the same over this entire frequency range. Some of the most salient effects influencing the sensitivity in different frequency regimes are described in Ref. [25] . Recently, rf E-field spatial distributions were mapped using this approach with high resolution of approximately λ rf =650 [12, 15] , where λ rf is the wavelength of the rf E-field. It has also been shown that the method can be used to sense the vector rf E-field [11] . As a result, Rydberg-atom-based rf E-field sensing is a promising candidate for a new standard for rf E-fields. rf E-fields can also be used to manipulate Rydberg atoms in micronsized vapor cells [26, 27] . rf E-fields and how they can be used to coherently control atoms can also be important for quantum-information science and other sensing applications, significantly broadening the scientific interest in the interaction between rf E-fields and vapor cells.
To apply Rydberg-atom-based rf E-field detection in practice, the accuracy of the method needs to be studied. The vapor cell is one of the factors that determines the accuracy. The atoms are confined in a vapor cell which is typically made of Pyrex or Quartz. rf E-fields can be absorbed or reflected by the walls of the vapor cells. Although the reflection and absorption can be made to be small by choosing suitable materials, variation of the rf E-field can arise from the Fabry-Perot (FP) effect, absorption by the vapor-cell surface as the rf E-field passes through to interact with the atoms, and polarization of the vapor cell resulting from the E-field interacting with the dielectric material. The FP effect occurs because when a rf wave is incident onto a hollow glass vapor cell, standing waves can develop inside the vapor cell due to reflections from the glass walls, forming a rf FP cavity. The distribution of the E-field inside the vapor cell will vary depending on the frequency of the rf E-field and on the size of the vapor cell. The FP effect can result in the measured E-field being different from the incident field, the desired quantity. The corners and imperfections of a vapor cell can also rescatter and reradiate the rf E-field and cause the measured rf E-field to be different from the incident E-field signal.
In this paper, we show the accuracy of rf E-field measurement depends on the geometry of the vapor cell. The accuracy is dependent on the ratio of vapor-cell size D of the cubic Pyrex vapor cells used for the measurements to the rf E-field wavelength λ rf , i.e., D=λ rf . By making the ratio of vapor-cell size to wavelength small, we show experimentally that the accuracy is greater than current methods in the frequency range 10-30 GHz and is not limited by the vapor-cell geometry provided D=λ rf < 0.1.
II. EXPERIMENT
Our method utilizes EIT to measure the rf E-field. Changes in the probe laser absorption as a function of the probe laser frequency are measured. A counterpropagating coupling laser excites the atoms to a Rydberg state to generate a transmission window for the probe laser. The transmission window is the result of EIT [19] . A rf E-field resonant with a transition from the upper state of the EIT system to another Rydberg state can cause the EIT window to split into two peaks with proper selection of laser polarization. This is called Autler-Townes (AT) splitting [28] . The AT splitting is proportional to the amplitude of the rf E-field [10] . The AT frequency splitting Δ is
where λ p and λ c are the wavelengths of the probe and coupling lasers, respectively. μ rf is the transition dipole moment, E is the amplitude of the rf E-field, and h is Planck's constant. We assume the probe laser is scanned to observe the AT splitting here. The wavelength mismatch of the counterpropagating lasers with the Doppler effect accounts for the factor of λ c =λ p in Eq. (1) [10, 16] . vapor-cell size is defined to be the inner diameter of the vapor cell. The vapor cells are placed on a translation stage and mounted on a Teflon block. This allows the cross section of the vapor cell to be scanned across the lasers in order to map the field variability and distribution inside the vapor cell, similar to the experimental setups used in Refs. [12, 15] . The position of the vapor cells relative to the laser beams can be scanned at a precision of 0.01 mm. To avoid the effect of rf E-field reflections from the apparatus, we place rf absorbers around the interaction area.
To obtain high signal-to-noise ratio, the coupling laser is amplitude modulated with an acoustic-optical modulator at 50 kHz. The transmitted probe signal is recorded by a photodiode and demodulated using a lock-in amplifier. The demodulated signal from the lock-in amplifier is recorded on a digital oscilloscope.
To demonstrate that the AT splitting Δ is linearly dependent on the rf E-field amplitude E, we take data varying the power of the rf signal generator at the different rf E-field frequencies used for the vapor-cell geometry experiments. Figure 3 shows the square root of the rf power P SG versus the measured rf E-field amplitudes which are derived from Eq. (1). P SG of the rf E-field is directly taken from the rf signal generator, and the amplitudes of the rf Efields are determined by the AT splitting. We calculate the transition dipole moments used for the analysis to be μ rf ¼ 3221.5ea o for the 69D 5=2 ↔ 70P 3=2 transition at 2.08 GHz where a o is the Bohr radius, and e is the electric charge, μ rf ¼ 1508.9ea o for the 48D 5=2 ↔ 49P 3=2 transition at 6.49 GHz, μ rf ¼ 971.2ea o for the 39D 5=2 ↔ 40P 3=2 transition at 12.60 GHz, and μ rf ¼ 770.0ea o for the 35D 5=2 ↔ 36P 3=2 transition at 17.84 GHz. The transition dipole moments include both the angular and radial parts. The angular part is 0.49 for an nD 5=2 ↔ ðn þ 1ÞP 3=2 transition, while the radial part can be calculated by numerically solving the Schrödinger equation using a model potential fit to several experimentally determined energy levels [29] . The linear fit shows the rf E-field amplitudes are proportional to the square root of P SG . This validates our method for measuring the rf E-field in the vapor cell.
III. RESULTS
The interaction between the rf E-field and a dielectric material can be described by the complex permittivity of the dielectric material [30] ,
where ε is the relative permittivity, and ε 0 , ε 00 are the real and imaginary parts of complex permittivity, respectively. The rf E-field dispersion can be described by the real part ε 0 , while the absorption is proportional to the imaginary part, ε 00 . The loss tangent
determines the absorption at a fixed wavelength. As a rule of thumb, for a good absorber, tanðδÞ ≥ 0.1, while those with tanðδÞ ≤ 0.01 can be considered transparent to rf Efields. The real dielectric constant for Pyrex ε 0 is approximately 4.6, and the imaginary part ε 00 is approximately 0.023 in the gigahertz rf range. These yield tanðδÞ ¼ 0.005 for Pyrex [31] . The rf E-field decay with propagation distance d in a dielectric material is determined by
where E 0 and E are the incident and transmitted rf E-field amplitudes, respectively. For a rf E-field at 12.6 GHz, the absorption by 1 mm of Pyrex is 0.066%. Thus, the absorption effects are small and can be ignored in this work. Figure 4 shows the variation of the rf E-field inside the vapor cells for different D=λ rf ratios. We observe that the rf E-field variation decreases when the D=λ rf ratio becomes smaller. This is consistent with the theory of a FP cavity as discussed in the Introduction. When the wavelength of the rf E-field is comparable to or smaller than the size of the vapor cells, it produces interference. When D is smaller than approximately λ rf =4, the interference inside the vapor cell is greatly reduced because the vapor cell cannot support a resonance. The cross section for scattering also decreases as the vapor-cell size becomes small compared to λ rf . To quantify the effect, we fit the data using a quadratic equation. The Taylor expansion of the rf E-field should be constant if there is no effect from the vapor-cell walls, and we assume the incident rf E-field is a plane wave. Higher-order terms indicate variation of the rf E-field in the vapor cell. For example, the quadratic term shows the FIG. 3 . Experimental data for rf E-field amplitude with a cubic vapor cell with 8-mm inner diameter as a function of the square root of power at the rf signal generator. The inset shows raw data for 2.08 GHz.
curvature of the rf E-field. The fits show that when the D=λ rf ratio is smaller than 0.1, the field variation is approximately 1%. The 1% variation is mostly due to measurement uncertainty. For example, if we fit the data for D=λ rf ¼ 0.09 in Fig. 4 , the average value of the AT splitting is 20.51 MHz, and the standard variation is AE0.14 MHz. This gives a variation of ≤ AE0.7%. The average linear variation is approximately 1% of the constant term across the vapor cell, while the average quadratic variation across the vapor cell is approximately 0.3% of the constant term. These results indicate that under these conditions, the rf Efield is approximately constant. Higher order terms than the quadratic one are smaller yet, also indicating that under these conditions the rf E-fields are not significantly perturbed by the vapor cell compared to the statistical measurement error. It is difficult to distinguish changes of the rf E-field at the level of the statistical uncertainty of the measurement, approximately 1%.
To further support our experimental results, we use two different theoretical models. When a rf E-field is incident onto a glass vapor cell, there are two effects to understand. One is the rf FP effect and the other is polarization of the vapor cell which can also scatter rf energy, particularly at the corners of a vapor cell. We show that the FP effect is the most important one using both a full three-dimensional (3D) finite-element (FE) model of the vapor cell and a simple analytic one-dimensional (1D) five-layer material model. Since the FE method is a full 3D model, the geometry of the vapor cell used in the experiment can be modeled to determine the fields inside the vapor cell, including both the FP cavity effect and the effects of the corners.
The 1D five-layer model is more straightforward and can be used to isolate the rf FP cavity effects. In the five-layer model, the field variability inside the vapor cell can be approximated with five different regions: the region inside the vapor cell, the two Pyrex walls, and the surrounding free space. In this model, we assume that the Pyrex walls are 1 mm thick. The vapor-cell walls extend to infinity, and the rf E-field is normally incident. The two Pyrex walls are separated by a distance D effectively forming a planar FP cavity. This model has no corners, and the E-field variation between the two Pyrex walls can be easily determined analytically with a layered media approach [32] . Figure 5 shows calculations of the spatial variation of the rf E-field inside the vapor cells for different vapor-cell wall dielectric constants for the 1D model. The experimental data for the 32D 5=2 ↔ 33P 3=2 transition at 23.93 GHz are also shown in Fig. 5 . The separation between the walls is D ¼ 8 mm. Figure 6 shows the rf E-field variation for Pyrex at different frequencies. We simulate the results for dielectric constant ε ¼ 3.0-5.0 at different rf E-field frequencies because the dielectric constant can vary from the manufacturing process. The overall thickness of the vapor cell and its walls make it difficult to determine ε from the simulations. The results for the different ε's are qualitatively the same as shown in Fig. 6 . The results of the 1D model show the same type of FP resonances observed in the experimental data. The comparison of the 1D model results and the experimental data suggest that the variation of the rf E-field is primarily due to the FP effect and can be reduced by using smaller values of D=λ rf . The 3D FE model takes into account both the FP effect and the polarization of the vapor cell due to the scattering. The more-detailed model allows for better comparison to the experimental data. Figure 7 shows a comparison between the FE model calculations and the experimental data for the rf E-field inside the vapor cell at different frequencies. The 3D FE results are similar to those obtained with the 1D five-layer analytic model as shown in Fig. 6 , again, indicating that the dominate effect causing the Efield variation is due to the FP cavity effect as opposed to scattering from the corners. Figure 7 also shows qualitative agreement with the experimental results.
The main difference between the experiment and the 3D calculation is a result of surface variations of the vapor cells. During manufacture of the vapor cells, the surface can be distorted when the vapor cell is fused at high temperature. The imperfections that are created can be eliminated by using a better fabrication process, like anodic bonding to seal the vapor cell [33, 34] .
Upon comparing the results from the 1D model, the FE model, and the experimental data, it is shown that the Efield variation inside the vapor cell is dominated by the FP cavity resonances. The variation can affect the accuracy of an atom-based E-field measurement. However, the results show that this E-field variation can be reduced dramatically by making the vapor-cell dimension small compared to λ rf , D=λ rf ≪ 1. When the vapor cell is designed to eliminate FP resonances, the E-field variation is less than the statistical accuracy of current measurements. It is also possible to reduce the size of the vapor cell to further reduce the effects of the vapor cell on the rf E-field measurement.
IV. CONCLUSION
Our results show that the D=λ rf ratio and the dielectric constant of the vapor cell affects the accuracy of Rydberg-atom-based rf E-field measurements. In fact, the variation inside the vapor cell and absorption by the vapor-cell walls can ultimately affect the overall uncertainty of a vapor-cell Rydberg-atom-based E-field measurement. The variation of the E-field is smaller than AE0.7% when the D=λ rf ratio is less than 0.08. This value leads to AE0.03-dB uncertainties in the magnitude of the rf E-field. By selecting a proper D=λ rf value and vaporcell material, the uncertainty due to the vapor cell can be controlled and reduced to less than current rf E-field measurement uncertainties. Vapor cells with a low relative dielectric constant, as close to 1 as possible, are best as long as they can maintain vacuum [25] . It is also important to consider how the signal scales with size as considered in Ref. [25] . The accuracy of Rydberg-atom-based rf E-field measurements is currently not limited, in principle, by the vapor cell or its geometry. This work also shows that rf Efields are promising for quantum manipulation of Rydberg atoms contained in small vapor cells [26, 27] . Considering the high sensitivity, large frequency range, high spatial resolution, and high accuracy of Rydberg-atom-based Efield sensing, the technique is promising to become the next generation of standard for rf E-fields.
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